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Dynamics of an Arbitrary Flexible Body
in Large Rotation and Translation

Arun K. Banerjee* and John M. Dickenst
Lockheed Missiles & Space Company, Sunnyvale, California 94086

Conventional theories underlying many multibody codes used for simulating the behavior of elastic structures
undergoing large rotation and translation with small vibrations fail to predict dynamic stiffening of the
structures. This can lead to significantly incorrect simulations in many practical situations. A theory that does
not suffer from this defect and is valid for an arbitrary structure is given here. The formulation is based on
Kane's equations and consists of two steps: First, generalized inertia forces are written for an arbitrary structure
for which one is forced to linearize prematurely in the modal coordinates; next, this defect in linearization is
compensated for by the introduction of contributions to the generalized active forces from the "motion
stiffness" of the structure. The stress associated with the motion stiffness is identified as due to 12 sets of inertia
forces and 9 sets of inertia couples distributed throughout the body during the most general motion of its flying
reference frame. An algorithm is set for a reader wishing to implement the theory* and illustrative examples are
given to demonstrate the validity and generality of the formulation.

I. Introduction

CORRECT predictions of the behavior of flexible bodies
undergoing motions that can be described, loosely speak-

ing, as large rigid-body rotations and translations accompa-
nied by small elastic vibrations is a subject of major concern in
the aerospace industry. Hence, one might imagine that a
sound theory for simulating such motions has long been in
hand. That this is not so was pointed out by Kane et al.,1 who
presented a theory for beams in large overall motion, and
showed that erroneous results, such as prediction of dynamic
softening of a rotating structure when dynamic stiffening is to
be expected, could be obtained in many cases of practical
interest with conventional theories underlying certain publicly
available simulation codes. This was recognized as a major
issue at a multibody dynamics conference (Ref. 2) conducted
by NASA's Jet Propulsion Laboratory in October 1987.

The formulation errors in the conventional formalisms exist
because the underlying derivations contain terms in which
linearizations have been performed prematurely in the modal
coordinates. When this linearization is performed properly,
that is, in a manner consistent with the constraints of defor-
mation of a structure, then all is well, as was shown for beams
in Ref. 1, and for plates by Banerjee and Kane.3 Unfortu-
nately, for an arbitrary structure, there is no general way to
express the deformation constraints. Consequently, use of
vibration modes, which always display a lack of interdepen-
dence between the elastic displacement components, thus
forces one to perform a premature linearization, and this leads
to a fundamentally flawed formulation.

The phenomenon of spin stiffening of rotating beams has
long been known and is treated, for example, in the texts by
Bisplinghoff et al.4 and Meirovitch.5 For more general rotat-
ing structures, Likins6 suggested the use of geometric stiffness
augmenting the structural stiffness in order to correctly repre-
sent the dynamic response. Levinson and Kane7 incorporated
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geometric stiffness of beams in their finite-element-based
analysis of spinning spacecraft with radial booms. In the field
of mechanisms, a nonlinear geometric finite-element method
was proposed, and simulations were validated by experiments
by Turcic and Midha8 and Turcic et al.9 More recently, exact
theories for large overall motion of continua, including large
elastic deformations, have been developed by Simo and Vu-
Quoc,10'11 and their solution procedure is also based on the
(nonlinear) finite-element method. Finite-element theory, with
its power and versatility, has been applied to the dynamics of
articulated structures with notable success by Housner et al.,12

but the large number of nodal variables needed to represent
multibody structures of practical size and complexity makes
the approach computationally unwieldy. Therefore, theories
that achieve model reduction through the use of vibration
modes, yet capture correctly the phenomenon of dynamic
stiffening (softening), are highly desirable. Wu and Haug13

accomplish this by dividing a single flexible body into sub-
structures and constraining the relative motion between the
substructures at common nodes, much like Hopkins and
Likins14 had done earlier for rotating structures, except that
they represent the substructure with modes rather than as
finite elements; their formulation thus requires the solution
for modal coordinates of each substructure and the constraint
forces and moments at the interface nodes. Representation of
dynamic stiffening through direct use of geometric stiffness
has been made for general structures by Modi and Ibrahim15

and Zeiler and Buttrill,16 and for beams by Amirouche and
Ider.17 However, the implementation of geometric stiffness in
these formulations, based on the instantaneous nodal dis-
placements, seems to be computationally intensive, even with
the use of modes.

In this paper, we introduce the idea of "motion stiffness,"
or stiffness associated with the most general motion of the
reference frame for the elastic body, by recognizing such
stiffness as a form of geometric stiffness caused by a system of
12 inertia forces and 9 inertia couples distributed throughout
the body. We show that a consideration of this motion stiff-
ness compensates for the unavoidable errors caused by the
premature linearization process for an arbitrary, elastic struc-
ture whose motion is characterized by vibration modes in a
reference frame undergoing large rotation and translation.

The power of the new formulation becomes apparent in
connection with an example of an arbitrary flexible body for
which there does not exist a theory, so far as we know, that
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Fig. 1 Dual-spin spacecraft with flexible, spinning offset para-
boloidal antenna.

Paraboloidal antenna, Freq 1 = 0.433 Hz, Omega = 0.5 Hz, T = 30 s
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Fig. 2 Elastic displacement along y axis at a finite-element node of
paraboloidal antenna for spin-up given by present theory (solid line)
and a conventional theory (dashed line); steady-state spin frequency is
greater than the first mode vibration frequency.

captures dynamic stiffening, using modes and without sub-
structuring. Figure 1 shows a dual-spin spacecraft that has an
Earth-pointing, spinning, offset paraboloidal antenna repre-
sented in a finite-element model by an assemblage of rods,
beams, membranes, and rigid mass inclusions. (The values of
the moduli of elasticity for the materials of the model were
uniformly reduced from those for an actual spacecraft to
produce a first-mode frequency lower than the spin frequency;
this will facilitate the making of our point regarding the cap-
ture of dynamic stiffening of an arbitrary structure character-
ized by its vibration modes.) Suppose that the antenna A is
rigidly attached to a reference frame B at O; B is subjected to
a spin-up maneuver such that the spin-axis vector b\ remains
fixed in a Newtonian reference frame N, and o>i, the compo-
nent of the angular velocity of B in N along b\, measured in
radians per second, is given by

0 2*t
t<T

t>T (1)

where Q is the steady-state spin speed in radians per second,
and Tis the spin-up time in seconds. The solid curve in Fig. 2
shows the elastic displacement along b2 of node number 572 of
the finite-element model, a point located by the coordinates
(255.6, 0.0, - 89.0) in inch units in the B frame for the
undeformed configuration, as given by the present theory, for

Fig. 3 A simple mechanical system for studying dynamic stiffening
with rotational motion.

spin-up with Q = TT (or 0.5 Hz), T = 30.0, where 12 exceeds the
fundamental natural frequency of vibration of the structure,
0.433 Hz. We will presently see that this response is a typical
signature of a system undergoing dynamic stiffening during a
spin-up motion. To emphasize the significance of the present
theory, we have also plotted in Fig. 2 a dashed curve that is
given by a conventional theory (Refs. 18 and 19) and is ob-
tained here by deleting the inertia stiffness terms of our the-
ory. Note that the conventional theory predicts unbounded
motion of node 572, clearly an erroneous result.

To aid in the presentation of the theory that produced the
solid curve in Fig. 2, we first consider in Sec. II a simple
example that established the essential ideas. The general the-
ory is then presented for a single flexible body in Sees. Ill and
IV, and an algorithm is presented in Sec. V. Additional simu-
lation results validating the theory by comparisons with previ-
ously published results obtained with special-purpose theories
for beams and plates are given in Sec. VI, followed by discus-
sions on the scope of the formulation.

II. Simple Example
The following example, suggested to us by Thomas R. Kane

of Stanford University, serves to illustrate the essence of the
problem and the solution. Referring to Fig. 3, consider two
massless rigid rods AB and EC connected at the hinge B by a
torsional spring of stiffness k. Rod AB of length R is driven by
a motor at the angular speed w(f )• Rod BC of length L has a
particle of mass m attached at C. The angle 0(0 between AB
and BC is initially zero and is assumed to remain small during
the motion. Linearizing prematurely in the angle, one can
write the velocity of C in terms of the unit vectors fixed in AB
(see Fig. 3) as

v = - [w(R + L) + LG\b2 (2)

Forming the kinetic energy expression with Eq. (2), consider-
ing the potential energy due to the spring k, and substituting
these in Lagrange's equation, one gets the equation

mL20 = -mL(R (3)

The term ( — mL2u>2) indicates a reduction in the original
stiffness of the system with increasing speed w, so that for a
spin speed greater than the natural frequency k/(mL2) of the
system, angle 6 will be unbounded. This is, of course, incor-
rect. The situation can be corrected as follows. Consider the
additional potential energy of the "bar" BC due to geometric
stiffness (see Ref. 20) caused by an axial force along the bar in
the undeformed configuration of the system. The axial force
in this case is the inertia force mu>2(R + L), and the associated
geometric stiffness gives rise to the potential energy

U = w2]
r i
L-i (4)

where wt, w2 are the transverse displacements at the end of the
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bar. We set for the bar BC the boundary condition and small
angle approximation, respectively,

W! = 0, w2 = LO (5)

Equations (4) and (5) together yield the potential energy due to
the geometric stiffness of the bar

L)L62 (6)

The generalized active force associated with this additional
potential energy is

F= ~W + L)LO (7)

Adding this to the right-hand side of Eq. (3) yields the correct
equation that could be independently obtained with proper
linearization without invoking the idea of geometric stiffness.
This equation is

mL20 + (k = -mL(R (8)

Note that the term ( + mo)2RL) indicates an increase in
stiffness over the original stiffness of the system for all o>, and
this effect represents the phenomenon of dynamic stiffening.
Figure 4 shows plots of two solutions—the solid one for Eq.
(8) and the dashed one for Eq. (3)-^for R = L and the other
parameters so chosen that the natural frequency k/(mL2)
corresponds to 0.433 Hz, and co is given by Eq. (1) with Q = IT,
T = 30. Note the qualitative similarity between Figs. 2 and 4.
The solid curve in Fig. 2 represents dynamic stiffening of the
paraboloidal antenna of Fig. 1, just as much as the solid curve
of Fig. 4 represents dynamic stiffening for the system consid-
ered in this simple example. The dashed curves in Figs. 2 and
4 represent incorrect simulations. We will generalize the
methodology used here for capturing dynamic stiffness in
Sees. Ill and IV.

III. Generalized Inertia Forces
Here, we begin the development of dynamical equations for

a single flexible body characterized by its vibration modes.
Since the body is regarded as arbitrary, we are forced to
linearize prematurely in the modal coordinates and their time
derivatives. This error will be compensated for in Sec. IV.
Consider the arbitrary flexible body of Fig. 5; its elastic mo-
tion, assumed "small," is referred with respect to a flying
reference frame B attached to the flexible body at O and
having "large" rigid-body rotations and translations in a
Newtonian frame N. It is assumed that the flexible body is

Simple example, Freq = 0.433 Hz, Omega = 0.5 Hz, T = 30 s
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Fig. 4 Simulation results for system of Fig. 3, with dynamic stiffen-
ing (solid line) and without dynamic stiffening (dashed line).

discretized as a system of "nodal" rigid bodies connected by
springs in the finite-element sense. Let G be such a generic
rigid body and G * its mass center. Let the elastic displacement
for G * be given by

(9)
7 = 1

where 0y is the space-dependent function representing the y'th
vibration mode and <7y the associated time-dependent function
of modal coordinate for the body. Then, in terms of vector
basis bi, b2, 63 fixed in B, one can characterize the motion of
G* by first introducing the following generalized speeds (see
Ref. 21, p. 40):

(1 = 1,2,3)

(/ = 1,2,3)

(10)

(11)

(12)

where v° is the velocity of the point O iii N, and w5 the
angular velocity of B in N. The velocity of G * in N is then
written as

3 3 v
i,G = Y{u.J)i + J} t^ + ffc/ X (r + 6) + E^7W6+y (13)

1=1 / = 1
v =

where r is the position vector from O to G* , the location of G *
in the undeformed configuration, and 6 is the elastic displace-
ment vector from G* to G*. The elastic rotation of G in B is
again assumed to be small and given in terms of they th modal
rotation vector 0, by

(14)

One can now write the angular velocity of G in TV, invoking
the addition theorem of angular velocities and using Eq. (12).

Note that Eqs. (13) and (15) are already linear in the gener-
alized speeds u6 + i(i = 1,...,^) associated with the modal coor-
dinates, and this leads to error. However flawed as these
equations are, they are the only ones available to an analyst
wishing to describe the deformation of an arbitrary, general
structure via modes. As mentioned before, we shall show how
to compensate for this error presently. First, however j we note
that the /th partial velocity of G* in N and the /th partial
angular velocity of G in TV (see Ref. 21, pp. 45-50) associated
with the generalized speeds «/ (/ = 1,...,6 + v) can now be
written by inspection and recorded as in Table 1 .

Differentiation of the right-hand side of Eq. (13) with re-
spect to Hn TV yields the acceleration of G* in N

3 v 3
a°* = x (r + 6)]

[ 3 3 " 1
E ujbj + E "3 + jbj x (r + 6) + 2 E ̂ u6+j

7=1 7=1 7=1 J
(16)

Similarly, the angular acceleration of G in N follows from
Eq. (15).

Table 1 Partial velocities and partial angular velocities

1,2 ,3
4 ,5 ,6

7, 8,..., v

bi
bi x (r + 6)

*'

0

6,
e,
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The generalized inertia force (see Ref. 21, pp. 124-129)
corresponding to the ith generalized speed is given by

F*= -
X

x(dr

0* c r- w p -
> L

dIG • ac

(18)

where dm and dIG are the mass and central inertia dyadic for
G, respectively, and the integrations are performed through-
out the domain D occupied by the flexible body. With the
partial velocities and partial angular velocities given by Table
1, the acceleration of G* by Eq. (16), angular velocity arid
angular acceleration of G by Eqs. (15) and (17), respectively,
the operations indicated in Eq. (18) become straightforward,
although extremely tedious. What one must do is perform all
the integrations over the spatial domain D in Eq. (18) in such
a way that the integrands do not contain any time-varying
quantities. The process of extracting time-invariant groups of
terms from the integrands in Eq. (18) is performed by invok-
ing certain vector-dyadic identities, and this yields all the
modal integrals of Ho and Herber,22 as well as some addi-
tional integrals due to the consideration of rotatory Inertia in
Eq. (18). The details of rewriting Eq. (18) in terms of the
modal integrals are extensive, but hot central to the issue at
hand, and are not reported here for the sake of brevity. It is,
however, important to note that Eq. (18) can be cast in the
final form

(19)
7 = 1

where the elements of the time-dependent "mass matrix" My
(ij = 1,...,6 + v) are functions of the modal coordinates qt
(i = 1,...,*>), and C/ (/ = 1,... ,6 4- v) are functions of the modal
coordinates, as well as the generalized speeds w, (/ = 1,... ,6 + v).

TV. Generalized Active Forces
Here, we consider generalized active forces due to two kinds

of internal forces. The first one is standard and is associated
with structural stiffness, and the second one, associated here
with motion stiffness, provides the mechanism of compensa-
tion for the aforementioned errors caused by premature lin-
earization for an arbitrary flexible body undergoing the most
general, large rotation and translation.

Generalized active forces due to structural elasticity are
standardly written on the basis of mass-normalization of the
vibration modes as

where co/_6 and #/_ 6 are the (/ — 6)th vibration frequency and
modal coordinate, respectively, (/ = 7,...,6 + v).

Motion stiffness, as we have conceived here, is a special case
of geometric stiffness that is best treated in terms of finite-
element theory; We recall (see Ref. 20) that geometric stiffness
accounts for the effect of existing forces on bending stiffness,
and that it depends only oh the element's geometry, displace-
ment field, and state of stress. Consider an element with
existing stress components

Fig. 5 Single flexible body with small elastic motion in a flying
reference frame B having large rotation and translation in N.

where {d} is a column matrix of three components of the
elastic displacement at a point within the element and [d\ the
column matrix of «DOF element nodal displacements. Then,
the element geometric stiffness is derived from the strain en-
ergy stored as the existing stresses work through the strains
representing the nonlinear parts of the Lagrangian strain com-
ponents and is given by20'23

0^01/3

dv (22)

Here, a variable in the subscript preceded by a comma indi-
cates differentiation with respect to that variable, and C/3 is the
(3 x 3) unit matrix. In finite-element computer codes such as
NASTRAN or EAL24 (the latter used to generate the results
reported in this paper), computation of geometric stiffness
proceeds as follows: The distributed loading on the structure is
first prescribed, and the corresponding linear static equi-
librium problem is solved to determine the element stresses;
then, element geometric stiffnesses are evaluated following
Eq. (22), and the standard finite-element assembly procedure
is used to construct the geometric stiffness matrix Kg for the
whole structure. Now the following question arises: If geomet-
ric stiffness is to explain the phenomenon of dynamic stiffen-
ing, then what is the associated loading? The answer suggests
itself: the loading brought into piay by the motion itself,
namely, the inertia forces and the inertia couples acting
throughout the body. This is the reason for our choice of the
label "motion stiffness."

We will now proceed to compute the motion stiffness of the
structure due to these inertia loadings. The inertia force and
couple on a generic, nodal rigid body G are considered, re-
spectively, as follows:

/* = -

- x

(23)

(24)

where G is the space occupied by G in the undeformed config-
uration of the structure (see Fig. 5), Jn analogy with the
example of Sec. II. The acceleration of G* in Nis obtained by
ignoring the terms involving elastic displacement in Eq. (16),
which gives

and the (3 x «DOF) matrix of interpolation functions [N(x, y,
z)]9 where «DOF stands for the element degrees of freedom,
describing the displacement field as in

(21)

7 = 1 7 = 1

£"3+7*7 X

x r

7 = 1
(25)
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We express/, the position vector of G*, and/*, the inertia
force on G in the uhdeformed configuration of the structure,
in the vector basis fixed in the flying reference frame B as
follows:

r = "txjbj (26)

Let i* of Eq. (24) be expressed in the vector basis fixed in B as

*•=£*;&, (33)
j==l

Then, the inertia torque giving rise to geometric stiffness
follows from Eqs. (24) and (31-33) and may be seen as made
up Of the following nine torque loadings:

Of)« =-00
/ll
/«

L7"

/12

/22

/23

/13

/23

/33

/13
-723

/22-/11

/3 I- /22 ~/12 0 723 0

>12 /11-/33 0 0 713

-/13 ^23 /12 0 0

where we have defined

(34)

(27)
7 = 1

Then, the inertia force on a typical point G of the structure,
responsible for producing motion stiffness, may be seen as
made up of the following 12 loadings [see Eqs. (23), (25-27)]:

/* = -dm(U3

(V
x2U3 x3U3]\ :

i
(28)

Then, Al9...9Al2 in Eq. (28) are given by

where we have used for computational convenience the nota-
tions that follow. First, define

Zi = u5u3 - u6u2 (29a)

Z2 = U(,Ui - "4«3 (29b)

Z3 = u4u2 — u5Ui (29c)

Z4 = U4u5 (29d)

Z5 = u6u4 (29e)

(290

.4i = i / i + Z i (30a)

A2 = t/2 + Z2 (30b)

A3 = u3 + Z3 (30c)

14= -(i/f+ ni) (30d)

(30e)

(30f)

(30g)

^8= -("6+ w4) (30h)

^49 = u4 + z6 (30i)

^io = w5 + z5 (30j)

An=-u4 + z6 (30k)

^12= ~(W5 + "I) (301)

Returning to the computation of the torque due to the
iiiertia couple on G, we first obtain from Eqs. (15) and (17) the
following:

(31)

(32)

A5 = «

-46= -"

=

(35a)

(35b)

(35c)

(35d)

(35e)

(35f)

(35g)

(35h)

A2l = ul - ul (35i)
With the force and torque loadings given by Eqs. (28) and

(34), respectively, the finite-element code has to generate geo-
metric stiffness matrices K^ for unit values of each of the
quantities Ai(i - 1,...,21), the multiplication by the actual
values of these quantities being performed in the large motion
dynamics code. Now, the generalized active forces due to this
geometric stiffness and be derived in the same manner as those
due to structural stiffness and are written as follows:

...,6) (36)

(37)

Here, S(i) denotes the (v x v) generalized motion stiffness ma-
trix corresponding to unit values of the /th inertia loading and
is given by

where $ is the modal matrix and q the (p x 1) matrix of modal
coordinates. With expressions for the generalized inertia
forces and generalized active forces now at hand, Kane's
equations of motion (see Ref. 21, pp. 156-159) for the flexible
body can be written as

6 + v
(/ = !,...,6) (39)

+ £
410) - 14116)

k = 16
(40)



226 A. K. BANERJEE AND J. M. DICKENS J. GUIDANCE

Cantilever beam, Freq 1 = 0.546R/S, Omega = 0.06R/S, T = 1200 s Cantilever plate, Freq 1 = 0.75R/S, Omega 1 = 1.25R/S T = 30 s

400.0 600.0 800.0 . 1000.0 0.0 1400.0 16(

Fig. 6 Cantilever beam tip deflection during spin-up given by the
present theory (solid line) and the theory of Ref. 1 for steady-state
spin frequency greater than the first vibration mode frequency.

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 50.0 55.0 60.0
TIME (SEC)

Fig. 7 Cantilever plate corner deflection during spin-up given by the
present theory (solid line) and the theory of Ref. 3 for steady-state
spin frequency greater than the first vibration mode frequency.

Note that when Eqs. (39) and (40) are written as the matrix
differential equation

(41)

where U is the column matrix of the generalized speeds
(z/i,...,u6 + „), the coefficient matrix D becomes unsymmetric.
Note also that in applications where rotatory inertia effects of
a structure are insignificant, the second integral in Eq. (18)
vanishes, and this simplifies Eq. (40) with

(k = 13,. ,,,21; (42)

In other words, only 12 and not 21 inertia stiffness matrices
need to be computed if rotatory inertia is left out of account.

V. Algorithm
To implement the theory given in Sees. Ill and IV, the

following step-by-step procedure must be used.
1) Using a code such as NASTRAN or EAL, construct the

finite-element model of the structure with the origin of coordi-
nates constrained to have zero degrees of freedom; generate
the desired number v of column matrices representing vibra-
tion modes and corresponding vibration frequencies.

2) On each node of the finite-element model, set up 12
forces defined by Eq. (28) with unit values of A!,...,An. If it
is important to consider the rotatory inertia effects of the
flexible body, then impose 9 torques as per Eq. (34) with unit
values of Au,...,A2i. This defines 12 or 21 sets of loads
distributed throughout the body; next, for each set of loads
compute the associated geometric stiffness matrix and convert
the latter to the generalized motion stiffness matrix using
Eq. (38).

3) Build a large motion dynamics code in which Eqs. (39)
and (40) are developed. This involves the major work of
construction of the M// and C/ terms of Eq. (19); next, the use
of the generalized motion stiffness matrices as given in Eq.
(40), along with the quantities Zi,...,z6 of Eq. (29) and A4, AS,
AU, Ai6,...,AH of Eqs. (30) and (35), completes the assembly
of the dynamical equation, Eq. (41).

4) Append standard kinematical equations (see Ref. 25, pp.
422-431) relating the time derivatives of the generalized coor-
dinates defining the position of the origin and orientation of
the flying reference frame B (see Sec. Ill) for the flexible body
to the generalized speeds defined in Eqs. (10) and (11); kine-
matical equations for the modal coordinates are given by
Eq. (12).

5) Assign initial values for the generalized speeds and gen-
eralized coordinates. If the initial deformations and deforma-

tion rates are given at a selected set of points, then the corre-
sponding values for the modal coordinates and generalized
speeds can be obtained by a pseudoinverse (see Ref. 25, pp.
312-313).

6) Integrate the dynamical and kinematical equations with
these initial conditions.

VI. Validation
To validate the foregoing theory, which is applicable to an

arbitrary flexible body, we compare motion predictions made
by the new theory with known, correct predictions already in
hand for beams1 and plates.3 In each case, correct prediction
of structural deformations arising during the spin-up motion
of the base of the structure in accordance with Eq. (1) is
considered a crucial test of the validity of the present theory.

Figure 6 shows the transient behavior of tip deflection of a
cantilever beam, relative to a line fixed in the rotating base and
initially coincident with the axis of the urideformed beam, as
given by the present theory (solid line) and the theory of Ref.
1 (dashed line), with rotatory inertia neglected in both cases.
The beam is a 150-m-long antenna tube having a diameter of
0.0635 m and a wall thickness 0.00254 m, with the first bend-
ing frequency 0.0546 rad/s. In each of the two simulations,
only the first four vibration modes of the beam are used.
Spin-up of the base is described by Eq. (1), with a rise time
T = 1200 s, and a steady-state spin frequency 0 = 0.06 rad/s.
The geometric stiffness used with the present theory for the
EAL24 beam element was dependent only on axial force and
did not include the effects of transverse shear, and this may
explain the slight discrepancy between the two curves in Fig. 6.
The overall agreement between the two curves in Fig. 6 fur-
nishes evidence of the adequacy with which the present theory
reproduces dynamic stiffening.

Results of comparing the present theory with that of Ref. 3,
for a cantilever plate being spun up about an edge, are shown
in Fig. 7. The plate is 72 in. long, 48 in. wide, and 0.1 in. thick,
and has a first natural frequency of 0.75 rad/s. Again, the
spin-up is described by Eq. (1), with 7 = 30 s and Q=1.25
rad/s. In this case, the first six vibration modes of the plate are
used in each simulation, and the difference between the results
on corner deflection of the plate in Fig. 7 between the present
theory (solid curve) and theory of Ref. 3 (dashed curve) is
hardly discernible. When one recalls that the theories in Refs.
1 and 3 capture dynamic stiffening by linearizing correctly in
consistency with the deformation constraints that are applica-
ble only to beams and plates, the reproduction of these results
with a general-purpose theory valid for any arbitrary structure
must be deemed most gratifying.



MARCH-APRIL 1990 ARBITRARY LARGE MANEUVER FLEXIBLE BODY DYNAMICS 227

VII. Conclusions
We have presented a general theory for capturing dynamic

stiffening of an arbitrary flexible body undergoing large rota-
tion and translation accompanied by small vibrations. The
theory identifies such motion-induced stiffness as geometric
stiffness due to a system of 12 inertia forces and 9 inertia
couples distributed throughout the body. This geometric stiff-
ness is preprocessed by a standard finite-element code and
does not render the simulation computationally intensive.
Consistent with the small elastic displacement assumption, the
formulation provides a first-order representation of the geo-
metric stiffness, and not the additional stiffness that may be
obtained from a consideration of the dynamic elastic deforma-
tion of the structure. Numerical results show that the theory
presented here for an arbitrary structure reproduces the results
predicted by special-purpose theories of dynamic stiffening of
beams and plates. In conclusion, it may be seen that the theory
is sufficiently general and it provides a basis for correcting
software packages that fail to represent dynamic stiffening,
without requiring extensive additional computations.
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